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String tension and glueball masses of SU(2) QCD from perfect action for 
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We study the perfect monopole action as an infrared effective theory of SU(2) QCD. It is transformed exactly 
into a lattice string model. Since the monopole interactions are weak in the infrared SU(2) QCD, the string 
interactions become strong. The strong coupling expansion of string model shows the quantum fluctuation is 
small. The classical string tension is estimated analytically, and we see it is very close to the quantum one in the 
SU(2) QCD. We also discuss how to calculate the glueball mass in our model. 



1. INTRODUCTION 

The infrared effective theory of QCD is impor- 
tant for the analytical understanding of hadron 
physics. Abelian monopoles which appear after 
abelian projection of QCD |l| seem to be relevant 
dynamical degrees of freedom for infrared region 
(2). Shiba and Suzuki || derived the monopole 
action from vacuum configurations obtained in 
Monte-Carlo simulations extending the method 
developed by Swendsen. 

We studied the renormalized monopole action 
S[k] performing block spin transformations up to 
n = 8 numerically, and saw that scaling for fixed 
physical length b looks good[Q. If the action S[k] 
also satisfies the continuum rotational invariance, 
then we can regard S[k] as a good approximation 
of the renormalized trajectory (RT). In order to 
check this, we have to determine the correct form 
of physical operators on the coarse lattice. 

2. BLOCKING MONOPOLE CURRENT 
FROM THE CONTINUUM AND THE 
PERFECT OPERATOR 

Our strategy is following. (I) Let us start from 
the following monopole action composed of two- 
point interactions between magnetic monopole 
currents formulated on an infinite lattice with 
very small lattice constant a: 

S[k]=^2k M {8)D (8-8')k M (8'). (1) 

s i s ' >M 

We have adopted here only parallel interactions, 
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since we can avoid perpendicular interactions 
from short-distance terms using the current con- 
servation. Moreover, for simplicity, we adopt only 
the first three Laurent expansions, i.e., Coulomb, 
self and nearest-neighbor interactions. Explicitly, 
D (s — s') is expressed as /3A£ (s — s') + aS s s > + 
1 A L (s - s'). Here A L (s - s') = - E p d^S.^ 
and d(d') is the forward (backward) difference. 

The monopole contribution to the potential be- 
tween static abelian electric charges is derived 
from the following operator 

W m (C)=exp(2m S J )k^(s)) (2) 

^(^jj^A^s-/)^^^^^^), (3) 

where Si (s'+fi) is a plaquette variable satisfying 
d'gSi Js) = J 7 (s) and the coordinate displace- 
ment fl is due to the interaction between dual 
variables. 

(II) Performing a block spin transformation 
for monopole currents analytically, we obtain 
(W m (C)) and the effective action on the coarse 
lattice (b = n- a)f§. 

(III) Since we see the (numerically obtained) 
effective monopole action for SU(2) QCD in the 
IR region is well dominated by quadratic in- 
teractions, we regard the renormalization flow 
obtained in (II) as a projection of RT to the 
quadratic-interaction plane. We determined the 
couplings in (Q) from the monopole action ob- 
tained by inverse Monte Carlo method. The op- 
timal values k, mi and mi for b = 2.1, 2.9 and 
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Figure 1 . The R 2 dependence of the monopole 
action from Swendsen's method and analytical 
block spin transformation at b = 2.14,2.87,3.84, 
where n/(m\ — m 2 ,) — 7, m 2 +m 2 = a/7, m 2 m 2 = 

3h- 

3.8 (in unit of cr ph i a ) are illustrated in Figs. 1. 

(IV) The above monopole action can be trans- 
formed exactly into that of the string model using 
BKT transformation on the lattice p,[10| . We find 
finally the correct form of Wilson loop operator 
on the coarse lattice as follows: 

(W m (C)) = 



.■xj)^-,T~ / d 4 xd 4 yN^x)D^ 1 {x-y)N^y)j 

1 00 f 
x- expl-S[a] 

3[ Q <V„] (s, = 

-2n 2 ^a^s)%Al\s- s')B u (s')\, (4) 

where integer valued two- form a l _ l ^(s) stands for 
string field and S[a] is string action 

3. ROTATIONAL INVARIANCE AND 
THE STRING TENSION 

It turns out that the monopole action on the 
dual lattice is in the weak coupling region for large 
b, namely the infrared region of pure SU (2) QCD. 



Then the string model on the original lattice is in 
the strong coupling region. The strong coupling 
expansion on the lattice can be performed eas- 
ily and quantum fluctuations terms which include 
more plaquettes become small [Q. Thus we con- 
sider only classical part (N-N term) in (0) below. 

The plaquette variable S a p in Eq.(|3j) for the 
static potential V(bl,0, 0) is expressed by 

S a p(z) = S a iSp i 5(z 2 )5(z 3 )9(z 1 )6{Ib-zi) 

xe{ Zi )9{Tb-z A ). (5) 

To perform the integration in (4) we go to mo- 
mentum space. Substituting (||) into (4), we get 

(W(Ib,0,0,Tb)) 



e?q>\-ir 2 (TIb 2 ) 



T^oo 
b — >oo 

d 2 p 



(2tt) s 



AD 



(0,P2,P3,0) • (6) 



In (||), since we study large T and large b behav- 
iors, we used the following expression: 



lim 



sin aT 



a 



— irT5(a). 



(7) 



Similarly we can evaluate (W(Ib, lb, 0, Tb)). 
We choose the variable S a p for the static poten- 
tial V(bl, lb, 0) as 

S a p{z) = {s a i5pA + S a2 S l 34 S jS(z 3 )9(z4)0(Tb - z 4 ) 

x6{ Zl )e{ib - Zl )e{z 2 )e{ib - z 2 )8{z 1 - z 2 ). (8) 

The static potentials V{Ib, 0, 0) and V(Ib, lb, 0) 
can be written as 



V (lb, 0,0) = tt 2 (/6) 



d 2 P 
(2n) 2 



1 



AD 



Ttnlb mi 
= In — 

2 m 2 

V(Ib, lb, 0) = ln^. 

2 m 2 



(0,P2,P3,0), 

(9) 
(10) 



The potential takes only the linear form and the 
continuum rotational invariance is recov- 
ered completely even for the nearest 1=1 
sites. The string tension is evaluated as a c i = 
^ In — . This is consistent with the analytical 
results) 12 . The two constants mi and m 2 can 
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be regarded as the coherence and the penetration 
lengths. 

The ratio v/ cr c i / a p h ys from the optimal values 
k, mi and rri2 become 1.64, 1.56 and 1.45 for 
b = 2.1, 2.9 and 3.8, respectively. The scaling for 
physical length b seems to be good, although a c i 
deviate a little from physical string tension a p h ys - 

We can also evaluate the string tension from 
the large flat Wilson loop not via Do by following 
expression: 



^(2tt) 2 l 



(fci,fe,0,0) 



sin 



1 (fc 1 ,fc 2 ,0,0;i) + (1^2) 



(11) 



We can show this is equivalent to the above for- 
mula (^|). In this case yj u c i/a p h ys become 1.73, 
1.59 and 1.39 for b = 2.1, 2.9 and 3.8, respec- 
tively. From these results, we see the discrepancy 
does not come from the systematic error of fitting 
Dq. It may come from the fact that we use the 
definition of the monopole a la DeGrand not 
but the real monopole in numerical study [[]. 

4. ON THE GLUEBALL MASS 

The glueball mass spectrum can be obtained 
by computing the correlation functions of gauge 
invarient local operators or Wilson loops, and 
extract the particle poles. For examples, one 
can consider two point function of operator O = 
Tr(F 2 ). For large \x — y\ it can be expanded as 



< 0(x)0(y) >: 



aexp(-Mi\x-y\), (12) 



where Mi are called the glueball mass. 
In our model, we take the operator O as 

o = -A\-w m {C)) 



(13) 



on the a-lattice. We can show this operator coin- 
side with abelian counter part of O = Tr(F 2 ) 
when lattice constant a goes to zero. The evalu- 
ation of its mass is now in progress. 

5. CONCLUSIONS 



iThe real monopole is a monopole whose magnetic charge 
run from — oo to oo, while the charge of the monopole a la 
DeGrand run from — (3n 2 — 1) to (3n 2 — 1) by definition. |13l 



We found the quantum perfect lattice ac- 
tion for monopoles and strings of hadron which 
describe low-energy SU(2) QCD by using an- 
alytical blockspin transformation and numerical 
simulation. The strong coupling expansion 
on the lattice for the hadronic string model 
works good in the infrared region of SU(2) QCD 
and yields the string tension. The results are al- 
most consistent with the recent lattice re- 
sults. The discrepancy may come from the defi- 
nition of the monopole a la DeGrand. 
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